CHAPTER 12
Vector-Valued Functions
Section 12.2 Differentiation and Integration of Vector-Valued Functions
• Differentiate a vector-valued function.
• Integrate a vector-valued function.
Differentiation of Vector-Valued Functions
In Sections 12.3-12.5, you will study several important applications involving the calculus of vector-valued functions. In preparation for that study, this section is devoted to the mechanics of differentiation and integration of vector-valued functions.
The definition of the derivative of a vector-valued function parallels that given for real-valued functions. 
Definition of the Derivative of a Vector-Valued Function
The derivative of a vector-valued function is defined by for all for which the limit exists. 
Cross product
Note that the dot product in part (c) is a function, not a vector-valued function. Figure 12 .9, note that the curve is not smooth at points at which the curve makes abrupt changes in direction. Such points are called cusps or nodes.
real-valued
Most of the differentiation rules in Chapter 2 have counterparts for vector-valued functions, and several are listed in the following theorem. Note that the theorem contains three versions of "product rules." Property 3 gives the derivative of the product of a real-valued function and a vector-valued function Property 4 gives the derivative of the dot product of two vector-valued functions, and Property 5 gives the derivative of the cross product of two vector-valued functions (in space). Note that Property 5 applies only to three-dimensional vector-valued functions, because the cross product is not defined for two-dimensional vectors.
Vector-Valued Functions r(t) = (5 cos t − cos 5t)i + (5 sin t − sin 5t)j 
The epicycloid is not smooth at the points where it intersects the axes. 
THEOREM 12.2 Properties of the Derivative
Let and be differentiable vector-valued functions of let be a differentiable real-valued function of and let be a scalar.
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7. If then r͑t͒ и rЈ ͑t͒ ϭ 0. r͑t͒ и r͑t͒ ϭ c, ϭ 2j ϩ 4tk. 
Integration of Vector-Valued Functions
The following definition is a rational consequence of the definition of the derivative of a vector-valued function.
The antiderivative of a vector-valued function is a family of vector-valued functions all differing by a constant vector
For instance, if is a three-dimensional vector-valued function, then for the indefinite integral you obtain three constants of integration where and These three constants produce one constant of integration, where
EXAMPLE 5 Integrating a Vector-Valued Function
Find the indefinite integral
Solution Integrating on a component-by-component basis produces
RЈ ͑t͒ ϭ r͑t͒. 
Example 6 shows how to evaluate the definite integral of a vector-valued function.
EXAMPLE 6 Definite Integral of a Vector-Valued Function
Evaluate the integral
Solution
As with real-valued functions, you can narrow the family of antiderivatives of a vector-valued function down to a single antiderivative by imposing an initial condition on the vector-valued function This is demonstrated in the next example.
EXAMPLE 7 The Antiderivative of a Vector-Valued Function
Find the antiderivative of that satisfies the initial condition
Solution
Letting and using the fact that you have
Equating corresponding components produces and So, the antiderivative that satisfies the given initial condition is r͑t͒ ϭ 1 2 sin 2t ϩ 3 i ϩ ͑2 cos t Ϫ 4͒j ϩ ͑arctan t ϩ 1͒k. 
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In Exercises 11-18, find 11. 12.
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In Exercises 19 -26, find (a) and (b) 19. 20.
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In Exercises 27 and 28, a vector-valued function and its graph are given. The graph also shows the unit vectors and Find these two unit vectors and identify them on the graph.
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In Exercises 39 and 40, use the properties of the derivative to find the following.
39.
40.
u͑t͒ ϭ 1 t i ϩ 2 sin tj ϩ 2 cos tk r͑t͒ ϭ ti ϩ 2 sin tj ϩ 2 cos tk, 
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In Exercises 57-62, evaluate the definite integral.
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In Exercises 63 -68, find for the given conditions. 63.
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In Exercises 73-80, prove the property. In each case, assume r, u, and v are differentiable vector-valued functions of is a differentiable real-valued function of and is a scalar. 83. If a particle moves along a sphere centered at the origin, then its derivative vector is always tangent to the sphere.
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The definite integral of a vector-valued function is a real number.
85.
86. If r and u are differentiable vector-valued functions of t, then
Consider the vector-valued function
Show that and are always perpendicular to each other. rЉ͑t͒ r͑t͒ r͑t͒ ϭ ͑e t sin t͒i ϩ ͑e t cos t͒j. 
